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Maintaining the closed magnetic-field-line topology of a field-reversed
configuration with the addition of static transverse magnetic fields
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The effects on magnetic-field-line structure of adding various static transverse magnetic fields to a
Solov’ev-equilibrium field-reversed configuration are examined. It is shown that adding fields that

are antisymmetric about the axial midplane maintains the closed field-line structure, while adding
fields with planar or helical symmetry opens the field structure. Antisymmetric modes also introduce

pronounced shear. @000 American Institute of Physids$51070-664X00)03705-8

I. INTRODUCTION experiment$, at higher power, are in progress. These may

Magnetic field lines are closed. Where closure occurs i®roduce higher temperature plasmas, far more susceptible to
of importance to many physical phenomena in solar, p|anpart|cle and energy losses on open flelq lines. This poss|p||-
etary, and fusion plasma physics. It is well known that alty Strongly motivates the present field-line closure analysis.
magnetic-field geometry may be markedly changed by the The study of field-line closure for FRC-like plasmas
application of small additional magnetic fields. In this article With transverse applied fields has a long history. First in
we concentrate on the effects of small, primarily transversélanetary sciencésand then in fusion researéH,it was ap-
magnetic fields added to a particular magnetic-field geompreciated that opening of some field lines resulted from the
etry, the field-reversed configurati¢BRC).> Our interest in  addition of a uniform transverse field to FRC-like configura-
this device is based on its relevance to fusion research. THéons. A later pap&ron the rotamak showed that the standard
goal is to find generic properties of transverse fields that d®RMF mode caused a shift and tilt of the flux surfaces. Sub-
not significantly change the FRC's closed field structure.  sequent rigorous analyse§ showed that all field lines actu-

The FRC is an example of a self-organized plasmaally opened. Even when a very small uniform transverse field
wherein a strong internal toroidal current, in combinationwas added, initially closed field lines unwound in spirals,
with the axial magnetic field from a linear solenoidal coil, eventua”y intersecting the device’s boundaries.
generates a closed poloidal magnetic-field structure inside |n this paper we show that a particular small-amplitude
the solenoid, see Fig. 1. We ask whether the FRC'Syansyerse-field shape globally preserves the closedness of
magnetic-field-line structure must open when a transversge field lines. By ‘globally preserveswe mean that a well-
magnetic field is addedTransverse means perpendicular 10 yefined separatrix is maintained and that all field lines inte-
the FRC’s major axis. In the jargon of magnetic-fusion re-lior to the separatrix, save that through tKepoints, are

search, aropenfield line intersects the external solenoidal | <oq inside the separatrix. These closedness-preserving

il or a material structur h as the v. m-v I wal . .
cotl or a material structure, such as the vacuum-vesset wa 'CP) transverse-field modes appear to be suitable for current

of the FRC device, or extends outside the solenoidal coil; g, . . . .
) . drive and for more speculative applications, such as ion
closedfield line does noj.

Added transverse fields may be constant or time varyingr.1eatlngl and FRC stabilizatioff” Analyses of these are in

Time-varying fields are particularly important for the rotat- Progress. , ) ,
ing magnetic fieldRMF) current-generation methddevel- In Sec. Il we present a rigorous graphical proof showing
oped in rotamak devicésHowever, the purely geometrical CP for a particular antlsymmgtr|c transverse madkbeled
analysis presented here, the essential first step in examiniﬁBe /=1 for reasons that will become cleaﬁhe_ resul_ts
field closedness, is restricted to temporally constant magnetf@'® then generalized to other transverse modes including the
fields. Time variation of the transverse field is only explicitly closure-destroying standard RMF mode, the=0. Field-
included when ascribing field-line identity. Particle and en-liné graphs, created by numerical integration with a
ergy confinement, clearly connected to field-line closednesgredictor-corrector code, illustrate these analyses in Sec. lII.
cannot be properly addressed by this analysis. They require2€lect results of Refs. 9 and 10 are duplicated for a Solov'ev
self-consistent many-particle treatment, not a purely geoequilibrium,13 confirming that field line opening is the result
metrical one. of the /7, =0 commonly used in rotamak experiments. The

In small experimentsgsuch as Ref. 2 the RMF method numerical code is then used to corroborate the graphical
has been successful in generating and sustaining plasmas, eof for CP of the/_=1 mode. Novel shapes of the net
well as driving currents and reversing the axial field. Largerfield are seen which may be important to stability.
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FIG. 1. Schematic of a FRC. A set of coils in a solenoidal array forms ancurrents in each pair of wires are indicated.

axial field. Toroidal current in the FRC generates a set of closed, poloidal,

nested field lines. The separatrix defines the boundary between closed flux

surfaces and open ones. A transverse magnetic field may exist across a FRC

perhaps formed by external coils or by the earth’s field. Transverse fields-z,) is uniquely determined by the conditioWsXB=0 and

;/glrtgio(i;;ag:re;étsio?ay have a component parallel to the axial field or in theV-BZO. Note that for antisymmetrit,(z—zo), the vector
field, e,B,g_(z—zy) is also antisymmetric, that is, it has

odd parity in the sense thBt, points toward the=z, plane

on one side of that plane and away from it on the other.

To define the mode numbef, observe, from Fig. @),

that f _ is approximately described by difz—27y) in the re-

. . ) : o ion —2<z< =2u/ i ' -

particular static, antisymmetric, transverse magnetic fieldd'on 2<2z<2, Y\/_herek 2m/IL, Lis the F.R.CS charac
teristic length, 2 is the number of nodes withih, and we

Br_, to a Solov'ev-equilibrium FRC whose major axis is h =0 (I i d Vi the bound
along thez axis. The selected magnetic field, shown in Fig. ave seo=0. ( N counting nodes, one lying on the bound-
ary, the separatrix, has a value of 1/Zhe subscript minus

2, could be created by currents in five pairs of parallel wires,. o A .
oriented perpendiculgr to theandy axgs of th([a) FRC, see Sign signifies antisymmetrjodd parity about the plane

Fig. 3. Being a vacuum fieldVXB=0. This field is de- =2o; & subscript plus sign would mean symmetfeven
scribed by parity) about thez=z, plane.

For the following analysis we call the mode number
Br-=¢,B.f (z—2z)+eB,g9 (z2—2), (1)

/_=1, even though the nodes bf fall on thez extremeof
wheree, ande, are unit vectors in thg and z directions, the closed field lines being considered, not on the separatrix.
respectively B, and B, are (respectively the amplitudes of

(Perhaps more precisely, the mode should be called
the transverse and parallel components of the added field: 1.) The numerical calculations described in Sec. Il were
and f_ has odd parity about the, plane. ¢q,z) is the

done with theB field shown in Fig. 2, not the sin approxi-
location of the FRC’s minor magnetic axis. In the absence of"ation:
internal currents, onc® . f_(z—zy) is specified,B.g_(z

II. EXAMINATION OF FIELD-LINE CLOSURE BY A
GRAPHICAL TECHNIQUE

For the graphical proof, we analyze the addition of a

=0) or nearly constant (€/ . <1) transverse field is non-

Our goal is to show that the”_=1 mode preserves
NN / N

closedness. A sufficient condition to be CP will be noted

later. This argument will show why the standard rotamak,
. /\\

\ with a symmetric| f , = cosk(z—2z,)] spatially constantA’,
-2 -1 0 1 2

B aty=5
Bz aty=5 y

-2 -1 0 1 2
(b) z

FIG. 2. (a) Plot of the anti-symmetri¢odd parity magnetic field,B;_ ,

formed by a set of five pairs of current-carrying wires, oriented perpendicu-

CP.
A. Graphing procedure: Antisymmetric mode

Consider a closed flux surfada field line, Bg) of a
Solov'ev FRC. One of exterit in the z direction, centered at
(ro,29), and lying in the positive/—z plane is shown as the
solid curve in Fig. 4a). The main axial magnetic fiel®,, is
in the +z direction. Note thay=y,#rq at z—zy= £ L/2.
Because the FRC is a toroid, the field line is not symmetric
about the liney=y,, while it is symmetric about the line
=Z,. By graphing this field line from poira, going 90° in a
clockwise (CW) direction around the pointyg,z,), one ar-
rives at pointb. (Graphing means following a field line.

Consider the additioiito the Solov’ev field B,) of the
small magnetic field described exactly in Fig. 2, with ap-

lar to they—z plane, see Fig. 3(b) Dependence on axial position of the _prOXimate transverse amplitude shown in Figp)4and hav-
amplitude of the transverse and parallel componen®;af. ing nodes ata and a’. The new graph, see the dashed
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FIG. 5. (a) Effect on a FRC closed flux surface lying in the plane normal to
the antisymmetric transverse field shown in Figa)2To first order, the flux
surface simply tilts out of the plangb) and (c) Field components of the
FRC,Bg, and the added field, andB ., the transverse and parallel parts,
respectively, at pointe ande’. (d) Reversing the field componentsedtto
FIG. 4. (a) Axial variation of an antisymmetric field, with transverse com- compare with(b) and to accomplish the CCW segment of the grapte)n
ponent in they direction only.(b) Addition of the antisymmetric field shown

in (a) maintains the closedness of the flux surface. A closed FRC flux sur-

face (solid line) in the uppery—z plane expands in enclosed ar@®ashed

line), with the addition of this antisymmetric fieldc) Field components of  ponent in they direction. Numerical integration will show

the ':Rt?'BIsr at”d t_h‘t? addgddfie'ff?qd?v (trgns"9f§e atrr]1d i]f_a'lrg”e' parts, more complex behavior near th@ point than the simple

I 1V n n In . versin 1 mpo- . .

nisnptgcae?i?; 2e£gss;5 fo;(th)eacgc\)lv gerapf)shgwi(;h ?f) Ae clgsegoFRp(? shrinkage in area noted her?' .

flux surface(solid ling) in the lowery—z plane decreases in the enclosed For the/"_=1 mode, a similar proof can be constructed

area(dashed linpwhen the field in(a) is added. for flux surfaces lying in thex—z plane, perpendicular to

Br_ . The antisymmetric transverse field first lifts the field
line out of its original plane and then, after crossingz,,

line in Fig. 4a), shows that the net field line shifts in tiye  returns it to the original plane. To first order, the result is a

direction, away from the axis.[The field line moves further tilt of the flux surface out of the original plane, see Fi¢g)5

away from thez axis becaus®, adds to the FRC's trans- By antisymmetry, the flux surface remains closed. Figures

verse field, see Fig.(d).] The field line consequently reaches 5(b)—5(d) show the components of the FRC fieB,, and

point ¢, which lies above poinb. The effect of the small the added field at two points,ande’, as well as the mirror-

parallel component of the added fieH,., Fig. 4(c), is ex-  reflected components at for mapping in the CW direction.

plicitly included in the graphing procedure. Now repeat theNumerical integration will show that the change in flux sur-

field-line-following procedure from poird’, but in a coun- face shape is more than a simple tilt: The nested, tilted, flux-

terclockwise (CCW) direction around the pointyg,zg). surface structure develops curvature and shear, which may

Graphingagainsta vector field is performed by reversing the be important to stability.

directions of all components of the FRC’s Solov’ev field and To assess the effect of adding an antisymmetric field to

of the added field, see Figs(d# and 4e). The symmetry of FRC flux surfaces lying in neither the—z nor they-z

the FRC'’s field and the antisymmetry of the added field,planes, decompose the antisymmeBic_ field into compo-

makes this field-line-following procedure also arrive at nents parallel and perpendicular to the plane of the flux sur-

where it connects with the first segmeffithis is readily seen face. Next, sequentially perform the field-line-following pro-

from the mirror symmetry of Figs.(d) and 4e).] The same cedure, first for the parallel components, then for the

graphing procedure, performed for the lower part of this fluxperpendicular ones. During these two steps, closure of the

surface, moves CCW from poirt toward pointb’ and ar- net field is maintained because the components are also an-

rives atc’; graphing froma’, proceeding CW, also arrives tisymmetric. This completes the proof for all flux surface

at c’. Thus, this flux surface remains closed, but grows inorientations in the original FRC.

enclosed area. In summary, we have shown through symmetry proper-
Flux surfaces of shorter or longer lendgttompared td.)  ties that adding to a FRC a small antisymmetadd-parity

also remain closed, but their end poires and a’) shift  static magnetic field maintains closure of a closed flux sur-

parallel to thez axis. Further discussion on the related issueface. The closed field line undergoes expansion or contrac-

of field-line identity is deferred to later in this paper. tion in the minor radial direction, if it does not lie in the
The mirror-image closed flux surface in the lower part of plane perpendicular tB+_ . It tilts in the toroidal direction,

the y—z plane, Fig. 4f), similarly remains closed with the if it does not lie in the plane parallel tB;_ . Numerical

addition of By_, but its enclosed area shrinks because thenodeling will later show additional features: A well-defined

added transverse field is antiparallel to the FRC'’s field comseparatrix continues to exist; some flux surfaces may “dis-
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non-CP behavior for the 180° graphings originates in the
lack of symmetry of the field line about the line=y, [see
Figs. 4b) and 4f)] and clearly shows the physical origin of
the spiral shape studied in Refs. 9 and 10 with linear-algebra
techniques.

Transverse modes with helical symmetry are also of in-
terest since they have already been used successfully in
current-drive experiments. For helical coils with a small
pitch angle k,L <1, the transverse part of the helical modes

z can be approximated by

B,=Bt_ sink,(z—zy)=B,sink(z—zy)sink,(z—zy),

FIG. 6. (a) Axial variation of the/, =1/2 symmetric transverse fiel¢h) (Za)
Both 90° and 180° graphs of the net fi¢tde sum ofBg, B, andB ) show — _ _ ; _ _
the structure to spiral open. By=Br- cosk,(2=29) =B, sink(z—zp)cosk,(z Z%)Z.b)

While the B, component remains antisymmetric abaut

appear” if they expand or contract beyond certain limXs, =2, the B, component is now nonzero and symmetric

points may shift; or new nulls may appear. aboutz=z,. Field line opening will occur. Our numerical
The geometrical picture showed that, for a flux surfaceintegration has confirmed this.

with z-extremunpointsa anda’ at the nodes oB+_ , those IIl. NUMERICAL MODELING OF FIELD-LINE

points remain fixed with the addition @ _ . If the axial gTRUCTURE
extent of a flux surface is different froin, the periodicity
length of the added field, then the procedure of Newcémb
must be followed to ascertain a field line’s identity. The pro-
cedure is to start with zer®;_ field. Slowly turn it on,
generating an electric fiel& according to Faraday’s law.
Points on a field line move with a velocity=EXB/B?,
which may be different at each point. As the transverse field W =Kr?[1—(r/rg)?—(z/z5)?], (3)

approaches its desired strength, gradually stop the increaqﬁherers is the separatrix radius at=0, z, is the X-point

The identity of the field line is thus followed. For a time- ,qjtion. anck is a constant related to the field strength. The
varying, /_=1, vacuum, transverse mode, one can read|ly50|ov,ev field amplitudes are

show that thougltc, is zero az—z,=*L/2, Er andE are
nonzero, thus thextremawill move. Certain plasma current B,=—2Krz/Z, (43
distributions can make all componentsbfequal to zero at _ B 2 2
the z extrema The motion of the field line at velocity B,=—2K[1=2(r/ry)" = (2/20)7). (4b)
explains why some contracting field lines may disappear athe equilibrium used for illustrations in this paper has
the O point or expanding ones may merge into the separatrix=0, zs=2, rs=0.7, andK=0.5, corresponding to a prolate
FRC with a magnetic field at the separatrix midplane of am-
plitude B,(r,0)=1.

A Solov'ev FRC field structure is shown approximately

From the geometric argument in Sec. Il A, we can inferin Fig. 1. We now demonstrate the effect on the field-line
that the primary property of the transverse field which isstructure of the addition of a smalB¢=0.005), uniform,
essential to CP is a field-line-weighted zero average alongymmetric ¢’ =0) transverse field in the, direction, see
the perimeter of the flux surface. Antisymmetry is a suffi- Fig. 7(a). This transverse field has the same shape as studied
cient condition to assure this. Antisymmetric small- in Refs. 9 and 10 and as used in rotamak experiments. The
amplitude transverse modes are CP for flux surfaces insidmagnetic field line shown in red originates near the separa-
the separatrix, hence globally. A symmetric transverse mode&ix in a plane only 0.1° out of the/—z plane, the plane
may be CP for a single flux surface, but not for all flux parallel toBt. Field lines this close to thg—z plane spiral
surfaces. Mode periodicity is not essential to CP, e.g., @ from their original position toward the magnetic null line
mode (z—zp) is adequate. of the O point. As they approach the null line, they move out

Performing CW and CCW 90¢ field-line-following pro- of their original plane, spiral around the null line, and move
cedures for the standard RMF modé€, =0, or an/ . nearly 180° toward a mirror-image plane. They then spiral
=1/2 mode, Fig. @), immediately shows that one cannot out of the FRC in the oppositedirection from which they
join field lines started at poinsanda’ to pointscorc’. As  entered. The field line shown in blue also originated near the
shown in Fig. €b) for the /', =1/2 case, following a field separatrix, but at 30° from thg—z plane. It, too, spirals
line 90° CW from pointa and 90° CCW froma’ ends up at away from its original plane, but at a much larger minor
pointsc2 andcl, respectively. Alternately, following the net radius compared to the red field line. This difference occurs
field line in 180° CW and 180° CCW directions from point because of the larger component of the transverse field in the
a, results in reaching pointd2 anddl, respectively. The 30° plane compared with that in the 0.1° plane. Field lines

The numerical model is a predictor/corrector code that
graphs(in both directions from a starting pojntmagnetic
field lines defined by a Solov’ev equilibrium with different
added fields. The Solov’ev equilibridfhcan be described by
a flux function, ¥,

B. Graphing procedure: Symmetric mode
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FIG. 7. (Color) (a8 A small-amplitude B,=0.005), uniform ¢, =0),
transverse magnetic field is added to a Solov'’ev FRC. The red field lin
originates af—0.00122,—0.7, 0.0, 0.1° off they—z plane. The blue field
line originates at{—0.35,-0.606, 0, about 30° from they—z plane. Though
both field lines are long, they are clearly opén). A larger amplitude B,
=0.1) uniform ¢, =0) transverse magnetic field is added to a Solov'ev
FRC. The red field lines originate on tixeaxis atx=—0.6, 0, 0.6, and/
=z=0. The blue field lines originate on theaxis aty=—0.6, 0, 0.6, and
x=z=0.

precisely on they—z plane(not shown spiral onto the null

e
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-0.5 0 0.5
X

FIG. 8. Magnetic field lines when an antisymmetri€ (=1) transverse
magnetic field(see Fig. 2 of amplitudeB,=0.04 is added to a Solov'ev
FRC. (a) Flux surfaces in theg—z plane show expansion and contraction.
(b) Projection of field lines originally in th&—z plane onto that plane show
little change in shapédc) Flux surfaces lines frontb) show tilt and curva-
ture when projected onto the-y plane.

fields, typically 0.1 to 1 relative to the axial field strength of
1. ForB;=0.1, afield line may not even make a single spiral
around the null line before leaving the FRC, see Figdp).7
(The different classes of open field lines are discussed in Ref.
10, Although field reversal is maintain€dhis configuration

is clearly not closed.

We now consider the antisymmetric mode proven earlier
to be CP. Figure @ shows the effects on flux surfaces in
the y—z plane of the field shown in Fig. 2, with amplitude
Br_=0.04. As predicted by the graphical proof illustrated in
Fig. 4, flux surfaces on one side of thiez plane increase in
enclosed area and those on the other side decrease in area.
Most important, they remain closed. For these plots, zhe
extrema of the flux surfaces graphed had the same position as
without the added field. Note that the flux surface change
shape. Those with decreased areay-a0, develop a slight
indentation near the=0 plane. Consider flux surfaces ori-
ented perpendicular to the transverse field. Figp) 8hows
nearly no effect on the shape of the projection of flux sur-
faces originally in thex—z plane onto that plane. Tilt and
curvature are evident when these flux surfaces are viewed
edge on, see Fig.(8).

As the strength of the antisymmetric field is increased,

line at theO point and never leave that plane, see Fig. 4, Refthe O point in the uppely—z plane moves slightly radially
10. Our results confirm the open field structure in Refs. 9 anéhward. Field lines near th® point eventually compress
10, showing the out-of-plane field-line motion in a direct sufficiently that reconnection occurs, forming two new nulls,
clearer way. A field line may be very long, but there are nosee Fig. ). For the parameters used here, the new nulls
closed field lines, in the sense used in magnetic-fusion refirst appeared at th® point at an amplitude of~0.0477.

search.
Present-day RMF experiments have much lar@er

That O point, aty>0, continues to exist, as it shifts to
slightly smaller radius with increasing transverse field
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FIG. 9. Magnetic field lines in the/—z plane, for
different-amplitude antisymmetric”’_=1 transverse
magnetic fieldgsee Fig. 2 added to a Solov’ev FRC.
(8 B,=0.045, (b) B,=0.050, (c) B,=0.06, (d) B,
=0.075,(e) By=0.1, and(f) B,=0.25. Above an am-
plitude of ~0.477, some field lines spiral into two new
nulls, displaced symmetrically about tae- 0 plane.

strength. The twdX points remain fixed at=z; atr=0. original plane as they spiral in, cross the axial midplane, and
The two new nulls are located at the centers of field-linethen move toward the other null, unspiral, and finally con-
spirals—see Ref. 10 and references therein for a discussiarect with themselves.
of spiral nulls—in symmetric positions across the z;=0 We have investigated several other antisymmetric
plane. The positions of the two new nulls can be found bymodes, such agi) By>z and (i) Byxsinz. For both
finding the zeroes of the sum of Eq¥) and (1). With in- VXB+#0. Caseg(ii) behaves similarly to the ten-wire model,
creasing transverse-field amplitude, the new nulls movevith two new spiral nulls forming. Cas@) behaves quite
away from the originalO-point position according to the differently. No new nulls appear. Instead tepoints mi-

proportionality,

Z,,(ro—rn) (B¢ = Binreshold “

wherea=1 for (ro—r,) and a=1/2 for z, .

©)

grate up into the positive—y plane. At an amplitude of
~0.11, theX points meet at the axial midplane.

IV. SUMMARY

Figure 10 shows, in perspective, the field structure near

the y—z plane of an/_=1 mode with amplitude 0.07.
These field lines, originating near, but not in, thez plane,
are seen to remain closed inside a well-defined separatri
Field lines, which spiral into a new null move far from the

FIG. 10. For an antisymmetrie;_=1 mode withB,=0.07, a 3D projec-
tion of magnetic flux surfaces, initialized with a smalvalue (0.003), to
move them out of thg—z plane. As some magnetic field lines spiral in to
one of the nulls, they lift out of the plane, move toroidally around the FRC,

In summary, it has been found that a magnetic field that
is antisymmetric about the axial midplane can be added to a

)§olov’ev FRC and maintain its closed field-line structure.

This is in stark contrast to earlier wofRefs. 5, 7, 9, and 10
in which the addition of a symmetric transverse field always
opened all the field lines. These results could be very impor-
tant for the RMF current-drive concept if new experiments
show the opening of the FRC field lines to be detrimental,
particularly for electron thermal losses. Small perturbations
to either the FRC field or the transverse field can destroy the
antisymmetry. If the resulting symmetric components are
small, the field line length is very long before it intersects a

boundary, which may ameliorate particle and energy losses.
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